This document surveys the variants of the Erdős distinct distances problem, and lists the best known bounds for each of them.
Introduction
Given a set P of n points in R 2 , let D(P) denote the number of distinct distances that are determined by pairs of points from P. Let D(n) = min |P|=n D(P); that is, D(n) is the minimum number of distinct distances that a set of n points in R 2 can determine. In his celebrated 1946 paper [18] , Erdős derived the bound D(n) = O(n/ √ log n). More specifically, Erdős proved that a √ n × √ n integer lattice determines Θ(n/ √ log n) distinct distances (for more details, see Section 2). Though almost 70 years have passed since Erdős considered this lattice structure, no configuration that determines an asymptotically smaller number of distinct distances was discovered.
For the celebrations of his 80th birthday, Erdős compiled a survey of his favorite contributions to mathematics [23] , in which he wrote "My most striking contribution to geometry is, no doubt, my problem on the number of distinct distances. This can be found in many of my papers on combinatorial and geometric problems."
After 64 years and a series of increasingly larger lower bounds, Guth and Katz [30] derived the bound D(n) = Ω(n/ log n), almost matching the best known upper bound (a comprehensive list of the previous bounds can be found in [29] ). 1 To derive this bound, Guth and Katz developed several novel techniques, relying on tools from algebraic geometry. Notice that a small gap of O( √ log n) remains between the best known lower and upper bounds.
Problem 1 Find the exact asymptotic value of D(n).
Since the problem is almost completely solved, one might wonder what is the purpose of this document. The answer is that there are many challenging variants of the distinct distances problem that are still wide open (many of these also posed by Erdős) . For some of these variants, such as the ones presented in Section 2, even after several decades of work hardly anything non-trivial is known. This document is meant to be dynamic, keeping track of the best known bounds and conjectures concerning the various distinct distances variants. 2 The main part of this survey is partitioned into six sections, each discussing a different family of problems. Section 2 discusses the structure of planar point sets that determine a small number of distinct distances. Section 3 surveys problems in which a planar point set is constrained in some manner. Section 4 considers distinct distances in higher dimensions. Section 5 discusses subsets of points that determine every distance at most once. Section 6 surveys another family of restricted point sets, in which every subset of k points determines at least l distinct distances. Finally, Section 7 presents several additional problems that do not fit any of the other sections.
For those who are only interested in the "main" problems, it is the personal view of the author (and likely of others) that currently the most challenging/interesting distinct distances problems are Problem 3 of Section 2 and Problem 16 of Section 4. Another great collection of open problems related to distinct distances can be found in [6, .
A more general version of Problem 1 asks whether every planar point set P contains a point that determines many distinct distances with the other points of P (e.g., see Erdős [22] ). More formally, what is the minimum valueD(n), such that for every set P of n points in the plane there exists a point p ∈ P that determines at leastD(n) distinct distances with the other points of P? An immediate upper bound isD(n) ≤ D(n) = O(n/ √ log n). However, Guth and Katz's bound does not immediately imply a matching lower bound forD(n). The best known lower bound, obtained by Katz and Tardos [31] , isD(n) = Ω(n (48−14e)/(55−16e) ) ≈ Ω(n 0.864 ).
Problem 2 Find the asymptotic value ofD(n).
The structure of point sets with few distinct distances
In this section we discuss attempts to characterize point sets that determine a small number of distinct distances. This seems to be the family of problems for which we know the least; even after decades of studying them, hardly anything is known. We say that a set P of n points in the plane is optimal if D(P) = D(n). Since even the asymptotic value of D(n) is still unknown, we simply consider sets P of n points such that D(P) = O(n/ √ log n), and refer to such sets as near-optimal. All the point sets in this section are planar. Erdős asked whether every optimal (or near-optimal) set "has lattice structure" [21] . To make this question clearer, let us first consider some of the known near-optimal sets. In the introduction we already mentioned that the √ n × √ n integer lattice (e.g., see Figure   1 (a)) determines O(n/ √ log n) distinct distances. This was observed by Erdős, who noticed that this is an immediate corollary of the following theorem from number theory.
Theorem 2.1 (Landau-Ramanujan [5, 7, 32 ]) The number of positive integers smaller than n that are the sum of two squares is Θ(n/ √ log n).
Every distance in the √ n × √ n integer lattice is the square root of a sum of two squares between 0 and n. Thus, Theorem 2.1 implies that the number of distinct distances in this case is Θ(n/ √ log n). The above implies that the √ n× √ n integer lattice is a near-optimal set. More generally, for any integer c ≥ 1, every n point subset of the c √ n × c √ n integer lattice is a nearoptimal set (since we can still apply Theorem 2.1 in such cases), and so are translations, rotations, and uniform scalings of such lattices. For example, the lattice in Figure 1 (b) can be obtained either by rotating and scaling the √ n × √ n integer lattice, or by removing from the 2 √ n × 2 √ n integer lattice every point whose coordinates sum to an odd number.
Another interesting set of points is the triangular lattice, which is depicted in Figure  1 (c). This lattice corresponds to the vertices in a tiling of equilateral triangles (unlike the set in Figure 1 (b), which can be seen as the vertices of a tiling of isosceles right triangles). The points of the triangular lattice can be written as
Due to the irrational y-coordinates, it can be easily noticed that such a lattice cannot be obtained from the integer lattice without applying a non-uniform scaling. However, the number of distinct distances determined by an √ n × √ n triangular lattice is still Θ(n/ √ log n).
To see this, we first perform a uniform scaling of (1), obtaining
Any distance between two points of this lattice can be written as i 2 + 3j 2 , where i, j ∈ Z. A variant of Theorem 2.1 [4, pages 59 and 115-116] (a brief description in English can be found, e.g., in the introduction of [7] ) implies that the number of of positive integers smaller than n that can be expressed as i 2 + 3j 2 is Θ(n/ √ log n), immediately implying the above assertion. After obtaining optimal sets for a few small values of n, Erdős and Fishburn [24] conjectured that, for infinitely many values of n, there is an n-point subset of the triangular lattice that is an optimal set. For now, hardly anything is known regarding Erdős's conjecture that every near-optimal set has a lattice structure. As a first step, Erdős [21] suggested to determine whether every near-optimal point set contains Ω( √ n) points on a line, and can thus be covered by a small number of lines. Since this also appears to be quite difficult, Erdős asked whether there exists a line with Ω(n ε ) points of the set. Embarrassingly, even this easier variant remains open.
Sheffer, Zahl, and de Zeeuw [43] considered the complement problem -proving that no line can contain many points of a near-optimal set. Specifically, they proved that for every near-optimal set P of n points, no line contains Ω(n 7/8 ) points of P.
Problem 4 Prove or disprove: For a sufficiently small ε > 0, no near-optimal point set contains Ω(n 0.5+ε ) points on a common line.
In Section 3 we mention a result by Pach and de Zeeuw [36] , implying that if a set of n points is contained in a constant-degree curve, then these points span Ω(n 4/3 ) distinct distances, unless the curve contains a line or a circle. That is, for every near-optimal set P of n points, any constant degree algebraic curve that does not contain lines and circles cannot contain Ω(n 3/4 ) points of P. In [43] , it is also proved that for every near-optimal set P of n points, no circle contains Ω(n 5/6 ) points of P. Combining these three results, we obtain that for every near-optimal set P of n points, no constant-degree algebraic curve contains Ω(n 7/8 ) points of P.
Problem 5 Prove or disprove: For every near optimal set P of n points and sufficiently small ε > 0, no constant-degree curve contains Ω(n 0.5+ε ) points of P.
It is known that the points of the integer grid (depicted in Figure 1 (a)) do not determine any equilateral triangles. Thus, there are near-optimal sets that determine no equilateral triangles. On the other hand, it can easily be noticed that the points of any near-optimal set must determine many isosceles triangles. Erdős [21] conjectured that any near-optimal set must contain either an equilateral triangle or a square.
Problem 6 (Erdős [21] ) Prove or disprove: The vertices of every near optimal set span either a square or an equilateral triangle.
We conclude this section with a related conjecture: Problem 7 (Guth and Katz [30] ) Prove or disprove: For any near-optimal point set P, there are many rotations of the plane that map many points of P to other points of P.
(The quantity "many" in this last problem is a bit vague; see [30] for more details.)
Constrained sets of points
In this section we consider variants of the distinct distances problem where the point sets are constrained in some way. The best known bounds for these problems are listed in Table  1 ; see Figure 2 and the text below for an explanation of the notation used in the table. Unless stated otherwise, the point sets in this section are planar.
General and convex position. We begin with a set of problems that ask for exact bounds, instead of asymptotic ones; that is, where the "fight" is for the best constant of proportionality. The hierarchy between the different types of constraints that are presented in this part is depicted in Figure 2 (a). Denote by D no3 (n) the minimum number of distinct distances that can be determined by a set of n points, no three of which are collinear (that is, D no3 (n) = min |P|=n D(P), where the minimum is taken over all sets of n points containing no three collinear points). Notice that the vertices of a regular n-gon, such as Table 1 : The best known bounds for constrained sets of points.
Variant
Lower bound Upper bound the set depicted in Figure 2 (b), satisfy this property and determine
The best known lower bound, due to Szemerédi (communicated by Erdős in [20] ; the proof can also be found in [35, Chapter 13] [22, 27] .
As before, letD no3 (n) denote the maximum number satisfying that for any set P of n points, no three of which are collinear, there exists a point p ∈ P such that the pairs of {p} × P determine at leastD no3 (n) distinct distances.
Problem 9
Find the exact value ofD no3 (n).
It can be easily noticed that the regular n-gon configuration impliesD no3 (n) ≤ ⌊ n 2 ⌋, and Szemerédi's bound for D no3 (n) also remains valid forD no3 (n). Thus, the best known bounds for Problems 8 and 9 are currently identical (as opposed to the case of Problems 1 and 2).
Szemerédi's proof is so simple and elegant that it is hard to resist stating it here.
Consider a set P of n points, no three of which are collinear. Let x denote the minimum number satisfying that every point p ∈ P determines at most x distinct distances with the points of P \ {p}.
Let T = {(a, p, q) ∈ P 3 | |ap| = |aq|}, where a, p, q are three distinct points and where (a, p, q) and (a, q, p) are counted as the same triple. The proof is based on double counting |T |, and we begin by deriving an upper bound for it. Given a pair of points p, q ∈ P, the triplet (a, p, q) is in T if and only if a is on the perpendicular bisector of the segment pq. By the assumption, each such perpendicular bisector contains at most two points of P, which implies
For the lower bound, notice that for every point p ∈ P, the points of P \ {p} are contained in at most x concentric circles around p. We denote these circles as C p,1 , . . . , C p,x and set
By the Cauchy-Schwarz inequality, we have
This in turn implies
Combining (2) and (3) immediately implies the assertion of the lemma.
Though Problems 8 and 9 have been stuck for several decades, more recent advances have been obtained for more restricted variants of them. Similarly to D no3 (n), let D conv (n) denote the minimum number of distinct distances that can be determined by a set of n points in (strict) convex position. LetD conv (n) denote the maximum number satisfying that for any set P of n points in convex position, there exists a point p ∈ P such that {p} × P determines at leastD conv (n) distinct distances.
By considering the regular n-gon once again, we notice that
Already in his 1946 paper, Erdős [18] 
This was proven by Altman [1, 2] , which led Erdős to suggest the stronger conjecturê D conv (n) = ⌊ n 2 ⌋. Since for any set of points in convex position no three points can be collinear, we haveD conv (n) ≥D no3 (n) ≥ ⌈ n−1 3 ⌉. In 2006, Dumitrescu [11] derived the improved boundD conv (n) ≥ ⌈ 13n−6 36 ⌉. Recently, the slightly improved boundD conv (n) ≥ Problem 10 Find the exact value ofD conv (n).
We say that a set of points is in general position if no three points are collinear and no four points are cocircular. Denote by D gen (n) the minimum number of distinct distances that can be determined by a set of n points in general position. The convex n-gon configuration is not in general position, and it is in fact unknown whether D gen (n) = Θ(n) or not. The best know upper bound D gen (n) = n2 O( √ log n) was derived by Erdős, Füredi, Pach, and Ruzsa [25] . This bound is obtained by considering a very different construction: taking an integer grid G in a d-dimensional space (where d is roughly √ log n), considering a subset G ′ of the points of G that lie on a common sphere, and projecting G ′ on a generic plane. The generic projection guarantees that the resulting planar set is in general position, while the integer-grid-on-a-sphere structure implies a relatively small number of distinct distances. For an easy lower bound, notice that
Problem 11 Find the asymptotic value of D gen (n).
Erdős [22] also suggested to study the maximum numberD gen (n) satisfying that for any set P of n points in general position, there exists a point p ∈ P such that {p}×P determines at leastD gen (n) distinct distances. Consider a point set P in general position and a point p ∈ P. If p has a distance of d from four other points of P, then each of these four points is incident to the circle whose center is p and radius is d, contradicting the general position assumption. Thus, a trivial lower bound isD gen (n) ≥ ⌈(n − 1)/3⌉. No non-trivial bound is known forD gen (n) (neither a lower nor an upper bound), and when discussing the problem, Erdős [22] wrote "It is rather frustrating that I got nowhere with. . . ".
Problem 12
Find the exact value ofD gen (n).
We conclude the discussion about this family of problems with an even more constrained type of point sets. The point configuration that implies
spans many duplicate vectors, which leads to the following notation. Let D para (n) denote the minimum number of distinct distances determined by a set of n points in general position that do not determine any parallelograms. Erdős, Hickerson, and Pach [27] asked whether D para (n) = o(n 2 ). This was recently confirmed by Dumitrescu [12] , who proved D para (n) = O(n 2 / √ log n) by considering, for prime n, the point set
The trivial D para (n) = Ω(n) is currently the best known lower bound.
Problem 13
Find the asymptotic value of D para (n).
(1, 2) (2, 2) ..
...
... Points on curves. We next consider a different family of constrained point sets. Let P 1 and P 2 be two sets of n points each, such that the points of P 1 (resp., P 2 ) lie on a line ℓ 1 (resp., ℓ 2 ). Let D(P 1 , P 2 ) denote the number of distinct distances between the pairs of P 1 × P 2 (that is, only distinct distances between points on different lines are considered). When the two lines are either parallel or orthogonal, the points can be arranged such that D(P 1 , P 2 ) = Θ(n); for example, see Figure 3 . Purdy conjectured that if the lines are neither parallel nor orthogonal then D(P 1 , P 2 ) = ω(n) (e.g., see [6, Section 5.5] ). Let us denote as D lines (n) the minimum number of distinct distances in such a scenario. Elekes and Rónyai [15] proved Purdy's conjecture, though without deriving any specific superlinear lower bound. Later, Elekes [14] showed that D lines (n) = Ω(n 5/4 ). Recently, Sharir, Sheffer, and Solymosi [40] proved D lines (n) = Ω(n 4/3 ). More generally, they derived the bound Ω(min{n 2/3 m 2/3 , m 2 , n 2 }) for the asymmetric case where one line contains n points and the other m points (another recent asymmetric result, which is subsumed by the bound from [40] , was derived by Schwartz, Solymosi, and de Zeeuw [39] ). Elekes [14] also observed the upper bound D lines (n) = O(n 2 / √ log n).
Problem 14
Find the asymptotic value of D lines (n).
Generalizing Problem 14, we consider the minimum number of distinct distances between two sets of n points, each on a constant degree algebraic curve in R 2 (the two curves may or may not be identical). We already know that there could be O(n) distinct distances when the points are on parallel or orthogonal lines. In this more general scenario there exists a third exceptional case -the case of two concentric circles. Thus, we denote by D curves (n) the minimum number of distinct distances between two sets of n points, each on a constant degree algebraic curve, such that the two curves do not contain orthogonal lines, parallel lines, or concentric circles (this also implies that the two curves do not contain common lines or circles). Pach and de Zeeuw [36] extended the technique of [40] to obtain D curves (n) = Ω(n 4/3 ). More generally, they derived the bound Ω(min{n 2/3 m 2/3 , m 2 , n 2 }) for the asymmetric case when one curve contains n points and the other m points.
Problem 15
Find the asymptotic value of D curves (n).
In Section 4 we consider similar problems in higher dimensions.
Higher dimensions
In this section we consider higher-dimensional variants of the distinct distances problem. Denote by D d (n) the minimum number of distinct distances that a set of n points in R d can determine. Similarly to the planar case, the best known configuration for the d-dimensional case is an n 1/d × n 1/d × · · · × n 1/d integer lattice. Every distance in this configuration is the square root of a sum of d squares, each with a value between 0 and n 2/d . Therefore, the number of distinct distances that are determined by such a lattice is O(n 2/d ), implying
This bound was already observed by Erdős in his 1946 paper [18] , and is conjectured to be tight (for d ≥ 3).
Solymosi and Vu [44] derived the following recursive relations on D d (n).
Theorem 4.1 (Solymosi and Vu [44]) (i) If
Recall that D 2 (n) = Ω(n/ log n). Combining this with Theorem 4.1(i) implies D 3 (n) = Ω * (n 3/5 ), 3 
Problem 16 Find the asymptotic value of D d (n).
It seems possible that the techniques that were used by Guth and Katz [30] for analyzing D(n) could also be applied to the higher dimensional variant. However, so far it is still not clear how to extend some of the steps in this analysis.
Let D o d (n) denote the minimum number of distinct distances that a set of n points on a hypersphere in R d can determine. Tao [45] observed that the bound from [30] remains valid when the point set is on a sphere in R 3 (or on a hyperbolic plane). That is, D o 3 (n) = Ω(n/ log n). For a lower bound, place a set of n points on a circle that is on the sphere, so that they form the vertices of a regular planar n-gon (recall figure 2(b) ). This implies 
Problem 18 Find the asymptotic value of
Restricted point sets. Charalambides [9] considered the case where a set of n points is contained in a constant-degree curve C in R d (i.e., the d-dimensional variant of Problem 15). He showed that if C contains an algebraic helix (see [9] for a description of this family of curves. In R 2 and R 3 the only algebraic helices are lines and circles) the points may determine only O(n) distinct distances. On the other hand, if C does not contain any algebraic helices, the points on it determine Ω(n 5/4 ) distinct distances. We denote by D
curve (n) the minimum number of distinct distances that are determined by n points on a d-dimensional curve which does not contain an algebraic helix.
Problem 19 Find the asymptotic value of
Raz, Sharir, and Solymosi [38] proved the improved bound Ω(n 4/3 ), though only for the rather special case of curves that have a polynomial parametrization. In this case, the only restriction on the curve is that it must not contain any lines (i.e., no other type of algebraic helix has such a parametrization).
It also seems natural to ask what happens when the point sets are restricted to surfaces. That is, the minimum number of distances between a set P 1 of n points on a surface S 1 and a set P 2 of n points on a surface S 2 , both in R d . For example, consider the case where S 1 and S 2 are non-parallel planes in R 3 . Then there are two orthogonal lines ℓ 1 , ℓ 2 such that ℓ 1 ⊂ Π 1 and ℓ 2 ⊂ Π 2 and ℓ 1 ∩ ℓ 2 is a point on Π 1 ∩ Π 2 . By placing two sets of points on ℓ 1 , ℓ 2 as depicted in Figure 3 , we obtain Θ(n) distinct distances. The same bound can be obtained between two spheres and between a sphere and a plane. However, this does not settle even these special cases, since an unrestricted set of points in R 3 can determine only Θ(n 2/3 ) distinct distances. No non-trivial bound is known for surfaces in R 3 .
Problem 20
Consider two sets of points in R 3 , each contained in a surface. For which surfaces can the number of distinct distances between the two sets be sublinear? For which surfaces this number must be superlinear?
Subsets with no repeated distances
This section surveys problems that concern point subsets that determine every distance at most once. Table 2 lists the best known bounds for the problems that are presented in this section. Table 2 : Best known bounds for the problems of Section 5.
Variant
Lower bound Upper bound
Figure 4: A set of 25 points and a subset of 5 points that span every distance at most once.
Given a set P of points in R 2 , let subset(P) denote the size of the largest subset P ′ ⊂ P such that every distance is spanned by the points of P ′ at most once; that is, there are no points a, b, c, d ∈ P ′ such that |ab| = |cd| > 0 (including cases where a = c). Figure 4 depicts a set of 25 points and a subset of 5 points that span every distance at most once. Let subset(n) = min |P|=n subset(P). In other words, subset(n) is the maximum number satisfying the property that every set of n points in the plane contains a subset of subset(n) points that do not span any distance more than once. Erdős [19, 26, 28] posed the following problem.
Problem 21 (Erdős) Find the asymptotic value of subset(n).
Let P be a point set that spans d distinct distances. Notice that if all of the distances that are spanned by the points of a subset P ′ ⊂ P are unique, then the number of distances that are spanned by P must be at least
L be a √ n × √ n integer lattice. Erdős [18] proved that the number of distinct distances that are spanned by L is Θ(n/ √ log n) (e.g., see Section 2 of this document). Therefore, we have subset(n) ≤ subset(L) = O √ n/(log n) 1/4 . Lefmann and Thiele [33] derived the bound subset(n) = Ω(n 0.25 ) by using a probabilistic argument. Dumitrescu [12] improved this bound to subset(n) = Ω(n 0.288 ) by combining it with an upper bound of Pach and Tardos [37] on the maximum number of isosceles triangles that can be spanned by a set of n points. Recently, Charalambides [8] combined the probabilistic argument of Lefmann and Thiele with a result from Guth and Katz's distinct distances paper [30] , to obtain the following improved result and simple proof.
Proof. Consider a set P of n points in R 2 . Similarly to the Elekes-Sharir reduction, we define the set
such that every quadruple of Q 1 consists of four distinct points. Guth and Katz [30] proved that |Q 1 | = O(n 3 log n) (also for the case where Q 1 is allowed to contain quadruples where not all four points are distinct). Let Q 2 be the set of isosceles and equilateral triangles that are spanned by points of P. Pach and Tardos [37] proved that |Q 2 | = O(n 2.137 ). Let P ′ ⊂ P be a subset that is obtained by selecting every point of P with a probability 0 < p < 1 that we will fix later. We have E[|P ′ |] = pn. Let Q ′ 1 ⊂ Q 1 be the set of quadruples of Q 1 that contain only points of P ′ . Every quadruple of Q 1 is in Q ′ 1 with a probability of p 4 , so E[|Q ′
1 |] ≤ α 1 p 4 n 3 log n, for a sufficiently large constant α 1 . Let Q ′ 2 be the set of triangles of Q 2 that contain only points of P ′ . The bound of Pach and Tardos implies E[|Q ′ 2 |] ≤ α 2 p 3 n 2.137 , for a sufficiently large constant α 2 . Notice that the points of P ′ span every distance at most once if and only if |Q ′ 1 | = |Q ′ 2 | = 0. By linearity of expectation, we have
By setting p = 1/(2α 1 n 2 log n) 1/3 , for sufficiently large n we obtain
Therefore, there exists a subset P ′ ⊂ P for which
3(α 1 log n) 1/3 . Let P ′′ be a subset of P ′ that is obtained by removing from P ′ a point from every element of Q ′ 1 and Q ′ 2 . The subset P ′′ does not span any repeated distances and contains Ω(n 1/3 / log 1/3 n) points of P.
Erdős and Guy [26] considered the following special case of Problem 21. [26] ) Find the asymptotic value of subset(L), where L is a √ n × √ n integer lattice.
Problem 22 (Erdős and Guy
As mentioned above, the best known upper bound for subset(L) is O √ n/(log n) 1/4 .
Erdős and Guy [26] derived the bound subset(L) = Ω(n 1/3−ε ), which was later improved by Lefmann and Thiele [33] to subset(L) = Ω(n 1/3 ). This bound is still marginally better than the bound implied by Theorem 5.1. Erdős and Guy [26] also considered the higher dimensional variant of Problem 22. That is, they considered a d-dimensional lattice L d of the form n 1/d × · · · × n 1/d . Similarly to the planar case, Erdős and Guy [26] derived the bound subset(L d ) = Ω(n 2/(3d)−ε ), and this was later improved by Lefmann and Thiele [33] to subset(L d ) = Ω(n 2/(3d) ). It is simple to show that the points of
Problem 23 (Erdős and Guy [26] 
We can also consider the higher dimensional variant of Problem 21. Let subset d (n) denote the maximum number satisfying the property that every set of n points in R d contains a subset of subset d (n) points that do not span any distance more than once. Thiele [46, Theorem 4.33] proved the lower bound subset d (n) = Ω(n 1/(3d−2) ). Recently, this was improved by Conlon, Fox, Gasarch, Harris, Ulrich, and Zbarsky [10] 
Problem 24 Find the asymptotic value of subset
In the open problems book of Brass, Moser, and Pach [6] , they offer a problem of a similar flavor. Let subset ′ (n) denote the maximum number satisfying the property that every set of n points in the plane contains a subset of subset ′ (n) points that do not span any isosceles triangles.
Problem 25 (Brass, Moser, and Pach [6] ) Find the asymptotic value of subset ′ (n).
For a trivial upper bound, we have subset
. By adapting the proof of Theorem 5.1 (i.e., removing Q 1 from the analysis), we obtain s ′ (n) = Ω(n 0.4315 ).
6 Every k points determine at least l distinct distances.
Let φ(n, k, l) denote the minimum number of distinct distances that are determined by a planar n point set P with the property that any k points of P determine at least l distinct distances (this notation is taken from [6, Chapter 5] ). That is, by having a local property of every small subset of points, we wish to obtain a global property of the entire point set. Table 3 lists the best known bounds for most of the problems that are discussed in this section.
The case k=3. The value of φ(n, 3, 2) is the minimum number of distinct distances that are determined by a set of n points that do not span any equilateral triangles. As discussed in Section 2, Erdős [18] noticed that a √ n × √ n integer lattice determines Θ(n/ √ log n) distinct distances. It is known that the points of the integer lattice do not determine any equilateral triangles, and thus φ(n, 3, 2) = O(n/ √ log n). Guth and Katz's bound on D(n) [30] implies φ(n, 3, 2) = Ω(n/ log n). Thus, the best known bounds for φ(n, 3, 2) are identical to the ones for D(n).
Problem 26
Find the asymptotic value of φ(n, 3, 2). Table 3 : The best known bounds for some of the problems that are presented in Section 6.
Variant Lower bound
Upper bound φ(n, 3, 2) Ω(n/ log n) [30] 
The value of φ(n, 3, 3) is the minimum number of distinct distances that are determined by a set of n points that do not span any isosceles triangles (here and in the following cases, we also consider degenerate polygons, such as a degenerate isosceles triangle whose three vertices are collinear). Since no isosceles triangles are allowed, every point determines n − 1 distinct distances with the other points of the set, and thus we have φ(n, 3, 3) = Ω(n). Erdős [21] observed the following upper bound for φ(n, 3, 3). Behrend [3] proved that there exists a set A of positive integers a 1 < a 2 < · · · < a n , such that no three elements of A determine an arithmetic progression and that a n < n2 O( √ log n) . Therefore, the point set (a 2 , 0) , . . . , (a n , 0)} ⊂ R 2 does not span any isosceles triangles. Since P 1 ⊂ P 2 = {(1, 0), (2, 0), . . . , (a n , 0)} and
Problem 27 Find the asymptotic value of φ(n, 3, 3).
The case k=4. The value of φ(n, 4, 3) is the minimum number of distinct distances that are determined by a set of n points that do not span any squares. This case is somewhat similar to the one of φ(n, 3, 2). The √ n × √ n triangular lattice determines Θ(n/ √ log n) distinct distances (as proved in Section 2). Since the triangular lattice does not contain any squares, we have φ(n, 4, 3) = O(n/ √ log n). The best known lower bound φ(n, 4, 3) = Ω(n/ log n) is implied by Guth and Katz's bound. The value of φ(n, 4, 4) is the minimum number of distinct distances that are determined by a set of n points that do not span any rhombuses, rectangles, or deltoids with one vertex that is equidistant to the three other three (see Figure 5(a) ). Dumitrescu [12] observed that φ(n, 4, 4) < n2 O( √ log n) by using the same point set P 1 from the analysis of φ(n, 3, 3).
Indeed, consider a subset of four points of P 1 , as depicted in Figure 5 (b), and notice that the only pairs of segments that are allowed to have the same length (without resulting in an arithmetic progression) are |ab| = |cd| and |ac| = |bd|. Thus, every quadruple of points determines at least four distinct distances. No lower bound is known beyond φ(n, 4, 4) = Ω(n/ log n).
Problem 29
Find the asymptotic value of φ(n, 4, 4).
Not much is known about the case of φ(n, 4, 5). Erdős [21] asked whether φ(n, 4, 5) = Θ(n 2 ), though the best known lower bound is only φ(n, 4, 5) = Ω(n). Indeed, when considering an n point set P with this property, we notice that any circle whose center is a point of P can be incident to at most two points of P.
Problem 30
Find the asymptotic value of φ(n, 4, 5).
Finally, we have the trivial bound φ(n, 4, 6) = n(n − 1)/2, since every distance can occur at most once in this case. The case k=5. We do not go over the various cases of k = 5, and only mention that Erdős [21] asked whether φ(n, 5, 9) = Ω(n 2 ). Again, nothing is known in this case beyond the trivial φ(n, 5, 9) = Ω(n).
Problem 31
Find the asymptotic value of φ(n, 5, 9).
The general case. Erdős [21] noticed that, for any k ≥ 3, we have
To see why, consider a set P of n points such that every k-point subset of P determines at least k 2 − k + 3 distinct distances, and a point p ∈ P. If p is the center of a circle that is incident to k − 1 points of P, then together these k points determine at most k 2 − k + 2 distinct distances, contradicting the assumption on P. Thus, the points of P \ {p} are contained in at least (n − 1)/(k − 2) circles around p, which in turn implies that p determines Ω(n) distinct distances with the other points of P.
Another simple observation is that, for any k ≥ 4, we have
since in this case every distance can occur at most ⌊k/2⌋ − 1 times. Similarly to the cases of φ(n, 3, 3) and φ(n, 4, 4), we can use the set P 1 to obtain a bound of n2 O( √ log n) for various φ(n, k, l). For example, it is not hard to show that
It seems likely that a more careful analysis would yield the same bound for larger values of l.
Additional problems
In this section we discuss several additional "orphan" problems that did not fit into any of the previous sections. In Problems 14, 15 , and 20, we considered bipartite distinct distances problems, where we have two sets of points P 1 and P 2 , and are interested only in distinct distances that are spanned by pairs of P 1 × P 2 (i.e., distances between points from different sets). We now consider a somewhat different bipartite problem, where P 1 is a set of three points and P 2 is a set of n points, both in R 2 . A simple argument shows that the number of distinct distances between two such sets is Ω(n 1/2 ). Elekes [13] constructed a configuration where the three points of P 1 are evenly spaced on a line, and the number of distinct distances between the two sets is Θ(n 1/2 ), thus settling this problem.
We denote by D(3, n) the minimum number of distinct distances between a set P 1 of three non-collinear points and a set P 2 of n points. Elekes and Szabó [17] proved the bound D(3, n) = Ω(n 0.502 ), showing that collinearity is necessary to obtaining a bound of Θ(n 1/2 ). Recently, Sharir and Solymosi [42] obtained a more significant improvement, proving D(3, n) = Ω(n 6/11 ). The best known upper bound is the trivial D(3, n) = (n/ log n).
Problem 33
Find the asymptotic value of D(3, n).
Another bipartite variant was recently suggested by Sharir and Smorodinsky [41] . Denote by L(m, n) the minimum number of distinct distances between a set of m points and a set of n lines, both in R 2 (where the distance between a point and a line is defined in the usual way). By placing m points on a line ℓ and then taking n lines that are parallel to ℓ, we obtain L(m, n) = O(n). Sharir and Smorodinsky [41] derive the lower bound L(m, n) = Ω(n 5/9 m 2/9 / log 2/9 m).
Problem 34
Find the asymptotic value of L(m, n).
We next consider a variant of Problem 2. Given a planar set P of points and a point p ∈ P, we denote byD p (P) the number of distinct distances between p and the other points of P. We setD Σ (P) = p∈PD p (P) andD Σ (n) = min |P|=nDΣ (P). It is not hard to verify that if P is a √ n × √ n integer lattice, thenD Σ (P) = Θ n 2 / √ log n . Erdős conjectured [20, 22] that this should also be the value ofD Σ (n).
Problem 35
Find the asymptotic value ofD Σ (n).
The best known lower boundD Σ (n) = Ω(n 1.864 ) is immediately implied by Katz and Tardos' [31] boundD(n) = Ω(n (48−14e)/(55−16e) ) ≈ Ω(n 0.864 ). Next, we consider a generalization from distinct distances to distinct vectors. Given a planar point set P, we denote by v(P) the number of distinct vectors that are spanned by pairs of points of P (i.e., the points p, q span the vectors p − q and q − p), and set v(n) = min |P|=n v(P). Clearly, v(n) should be at least as large as D(n). In fact, it is also not hard to show that v(n) = Θ(n). Indeed, the √ n × √ n integer lattice determines Θ(n) distinct vectors.
Erdős, Füredi, Pach, and Ruzsa [25] studied the case of distinct vectors for point sets in general position (i.e., no three points on a line and no four points on a circle). We set v gen (n) = min |P|=n v(P), where the sum is taken over every n point set in general position. In [25] , it is proven that v gen (n) > cn for every constant c; i.e., v gen (n) = ω(n). The best known upper bound v gen (n) = n2 O(log n) is immediately implied by the best known upper bound for Problem 12.
Problem 36 Find the asymptotic value of v gen (n).
